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ZVfjCUY/R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g6`hZV^RTPZVfhVZV^R[CUY[fh'`hYjWAYThCP[CyhBDCUV-R`bP/ZC 4θ fhVxijYTCUfbR[CfbVZV^R[CUY[g6`h]fRTZVAyg6`hNOVA`hBDZ]fb`-VRT>xfRP[CyhBDCUV-Rk©  Vw`hWAYZBDgACBDCV^RTfbR[Z`hVqgAY[CkP/CUV^R[CUis1CU` C Z'f-P[P[WABDC­P/CUyhBDCV^RTPI`b?P/ZC
4θ = O(
√
λ)
©'=?>ACV"C¤jUfbV4ªARGfDjWAsxZj¤g6`hNOVA`hBDZ]fb P(3)(θ) ZV#R[>AYTCC¤g6`hZV-RPfhjUj`-YTiQZVAyR[`






P(3)(φ)(θ)
P(3)(φ),θ(θ)
P(3)(φ),θ(θ + 4θ/2)
P(3)(φ),θ(θ + 4θ)






=




φ̄(θ)
φ̄,θ(θ)
φ̄,θ(θ + 4θ/2)
φ̄,θ(θ + 4θ)




,
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fhVxi4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cφ0 , c
φ
1 , c
φ
2 , c
φ
3
]
,
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κφ = 4
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β = ∇xφ
ZV¤RT>ACEIH% #g1`-ZV^RP
[θ, θ + 4θ/2, θ + 4θ] ©LQZVxjCdR[>AC¤ZV-RTCYTg1`-fbR[Z`hV4CYTY[`-Y `-Y?f jWxsAZjdg6`hNOVA`hBDZ]fb8ZP?`h O((4θ)4) R[>AC¤CYTYT`hY"C¬QgAYTCUPTP/Cki­ZV λZ%s6Ch6s^Nj>A`O`-P[ZVAy 4θ = O(
√
λ)
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max (
 Y[YT`hYEIH% #
,
 YTY[`-Y?ZV^R[CUY[g6`h]fRTZ`-V
) = max
(
O(λ), O((
√
λ)4)
λ
)
= O(λ). ¡¨t b£
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j`OCjZCV^RTP?ZV P(2)β
 P(2)A
fbVxi P(2)ρ ©'=?>AC¤ZV-RTCYTg1`-fbR[Z`hV#CYTY[`-Y RT>ACVs6CUj`hBDCUP
max (
 Y[YT`hYEGH  #
,
 YTY[`-Y?ZV^R[CUY[g6`h]fRTZ`-V
) = max
(
O(λ),O
(
(√
λ
)3
))
= O(λ), ¡¨tbv-£
>xCV4fhgAgANOZVAyR[>xC
β
¥T
A
¥9fhVxi
ρ
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β
s^NiAZ§8CYTCV^R[Z¥
fbR[ZVAy P(4)φ
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ūj
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γ
Z]P?R[>xfbRCdRT>ACV>xf-C
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"C>ACUY[C
P/RTfbR[C¤RT>ACVOWABDCYTZ]jfb%gAY[`-sACBBD`-Y[C¤`-Y[B­fbNh©"·qCYTCCUYR[`  ZyhWxY[Ct­fhVxi#CBDf hCfhV O(λ
BDC
)fhgAgAYT`¬QZB­fRTZ`-V`b¡ o^£?fhP"`-`P©
 x`hYfyhZhCV­PTjfbR/R[CUY[CUY
Σ
OfbV­ZVxj`-B ZVAy?fhC
uinc
fhVxiDs6`hWAVxixfbYTNj`-VxiQZR[Z`hVxPfhPTP/WxB CR[>xfbR C
OVA`CBD>A`hR[P[`hWQRTZ`-V
u
ZV4R[>ACjZYjWA]fbYP/R[YTZg
CS := {x ∈  e 2 : R − αλ
2π
≤ |x| ≤ R + αλ
2π
, 0 ≤ arcsin
(
x1
|x|
)
≤ π}. ¡¨tbp-£
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α
fbVxi­fhY[Z]fbsAC
θ =
fbVAy-C
(x)
Q"CIP[CUfhYTj>
m(θ)

φj(θ)
fhVxi
Aj(θ)
ZV
ũλ(θ) =
m(θ)
∑
j=1
ūj(θ) =
m(θ)
∑
j=1
eikφj (θ)Ajλ
e[0,j].
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ūj(φj , Aj , λ)
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   
	
=?>xCDEIH% #¥ fhy-`hYTZRT>AB Z9s6C­BDCV^R[Z`hVACkiZVLOCUjR[Z`hV   ©>ACUY[CD"CD>xfhCZVOhCkPSRTZy^fRTCUif#VACU
CkfRTWAY[C¤`hRT>AC¤`hgQRTZBDZUfRTZ`-Vfbyh`hYTZR[>AB fhYTCUf-iQN­gAYTCUP[CV^RZV ' *¨©
MN J2MPO
 	
		

 "
 x`hY?P/BD`O`bRT>|P/`-WAR[Z`hVxPU-Z¨© Ch©
m(θ) ≡ m QfbVxijUfhP[C GZV4LOCkjRTZ`-V4tCIZ1]fRTCY"ZWxPSRTYTfbR[CZR[>P[`hBDC¤VOWABDCYTZjUfb8C¬Qg6CYTZBDCUV-R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|ũλ − u|L∞ = O(λ).
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fRTCdR[>xfbR"RT>AC
L1
¥¨CUY[YT`hY"ZP?`h O(λ) P/ZVxjCIRT>ACg6`-P[ZRTZ`-V4`hRT>ACDiQZPTj`-V^R[ZV^WxZRTZCkPIZ]Pd`QjUfbZUCUiZR[>xZVwf4iQZ]P/RTfbV1jC `b O(λ) ©=?>xC fhy-`hYTZRT>AB­PRT`#f-j>AZCUhCR[>ACkP/Cf-P/NOBDgQRT`bR[Z]jdCYTY[`-Ys6`hWxVxiAPZ%s1CgAYTCUP[CV^RTCUi4ZVLOCkjR[Z`hV   © tR[`   ©   ©
β
fhPCUQfhP
ρ
fhY[CZBDg6`hY[RTfhV-R<gxfbYfbBDCR[CYP*>xCVRT>AC?fhP[N^BDgQRT`bRTZjP/`-WQRTZ`-VZ]P*RT`Is6CgxY[`-gxfby^fR[Cki
ZR[>fhVcd¦  ¥ P/`--CYk©|=?>ACfhy-`hYTZRT>AB­PdR[`ªxVxiwRT>AC P(2)β
fhVxi P(2)ρ ZR[>xZVfbV O(λ) ¥ CYTY[`-YZRT>ACYTC`-Y[C¤s6CBDCV^R[Z`hVxCUi#ZVLOCkjRTZ`-V   © nQ©  V#R[>AZ]PGP[CUjR[Z`hV#CZfb]P[` BDCUV-RTZ`-V>A` YfN­R[YfhjZVxy
CkfhP[ZNjfhVs1CWxP[CUi|R[`­gxY[`-gxfby^fR[CGR[>ACP[`hWQRTZ`-V4ZV>A`hBD`hy-CVACU`hWxP"B­fRTCYTZfhPU©
 <ZVxfbN¤"C VA`hR[C R[>xfbRRT>ACfhy-`hYTZRT>AB­P*VACUCUiAP%R[`Is1CR[WAVxCUiZR[> fGP[CR`hAgxfbYfbBDCR[CYP8RT`GgAYT`QiQWxjC
PTfRTZP/ fhjR[`-Y[N­YTCUP[WARTPU©
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`hY¤R[>xZP¤gxfhY/R¤`bR[>AC­fhy-`hYTZRT>AB©·qCD"`hWA]iZhCR[`CBDgA>xf-P/ZCR[>x`hWAy->
RT>xfRRT>ACYTC­Z]PfbVZVA>ACYTCV^R"CUf ^VxCUPTP¤s^NR[>AC|EIH% #©¦ICg6CVxiAZVAy`hVw>AZj>P[CR`h"g1fbYfbBDCRTCYP
RT>xfR'`-VAC?WxP[CUPUR[>ACfhy-`hYTZRT>AB jfhV`-VANiQZ]PSRTZVAy-WAZ]P/> s1CRSCUCVDsAYfbVxj>xCUPR[>xfbR fbYTC"P[Cg1fbYfR[Ckifhs1`-C
f4jCUY/RfbZVR[>AYTCUP[>A`-iZV
β
¥ P[gxfhjCh©¤=?>xfR¤ZPU8ZRT>qf|gxfbYfbBDCRTCYdiQCg6CVxiACV^R
ε
8RS"`sAYfbVxj>xCUPZR[>
|β1 − β2| < ε
Z"`QjUfbNwZVfEGH%&#¥ g1`-ZV^R s1Cj`-VxP/Z]iQCUY[Ckiwf-P`-VAC|sAYfbV1j>*©=?>AC|?fhCY[`-V^R
YTCUj`hVxP/R[YTWxjR[Z`hVfhy-`hYTZRT>AB6>xZj>qZVP/`-BDC P[CVxP[C ZPdyh`hs1fb¨6Z]P¤VA`hR¤fhsACR[`j`hYTY[CkjRGRT>AZ]PG fhZWAYTCh©
G`CUhCUYU8fhP¤P[`^`-Vqf-P |β1 − β2|
Z]P¤fhY[y-CCVx`hWAy->qfb`hVxy
γ
R[>AC­EIH% #¥ fbyh`-Y[ZR[>xB Z
s1C­jfhCUi
fhVxi4>ACVxjC¤R[>AC¤RS"` sAYTfhVxj>ACkP?BDfN|s1CiQZ]PSRTZVxyhWAZ]P/>xCUi$©
·wCRTY[ZCUi RT`ZBDgAYT`hC?RT>ACIEIH% #¥ fhy-`hYTZRT>AB f-P
`h`P©<·qCIVA`bRTCUi RT>xfRk-Z$R[>ACUY[CG>ACYTC`hVAN
`-VACsAYfbV1j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m ≡ 1 xZRI?fhPg6`-PTP[ZsACRT`­ªxVxi#RT>ACYfhiQZWxP`h'jWAYTfR[WxY[C ρ = (4φ)−1`hRT>AC?f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ūλ(x, ρ) = ūλ(x0)
√
ρ
ρ + (|Q(x)| − ρ)e
ik(|Q(x)|−ρ),
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x0 − ρ [cosβ, sin β]
fbVxi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fR[Z`hV
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x = x(r, δ) = xr(δ)
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ρ
∫ 2π
0
∣
∣
∣u(r, δ) − ū
jZY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r (r, δ, ρ)
∣
∣
∣ dδ,
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min
ρ
M
∑
`=0
|u(r, `∆δ) − ūλ(x0)F`(ρ; δ, β, λ, r)| ,
¡   £
  ¾ ¸¼½¼
 &U¹+ ¸ k¹½ +/¼½ $bºI»!½À $'&­¸  #  ½*¹¨¾kº   Â!½¼
%º ¼T¹½¼½À­¹¨¾º  ¢¸ ¹?¹ ¨¼½¸( ! ¹
º : ¼T¹½!#"$6»! *¼ ( ! ½¹%¸! +SºÁ 2<Á » Á&% "('
JKJ ½LMNON
t      	

>xCYTC
F`(ρ; δ, β, λ, r) =
(∣
∣
∣
r
ρ [cos (`∆δ), sin (`∆δ)] − [cos (β), sin (β)]
∣
∣
∣
)−1/2
·
exp
(
i2π(|r[cos (`∆δ),sin (`∆δ)]−ρ[cos (β),sin (β)]|−ρ)
λ
)
,
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ūλ(x0)
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R [cos(θq + ∆θq/2), sin(θq + ∆θq/2)]
R [cos(θq + ∆θq), sin(θq + ∆θq)] ,
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(β, ūλ)1(θ
min), . . . (β, ūλ)m(θmin)(θ
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]
fhVxi
Tmax :
[
(β, ūλ)1(θ
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]
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(β, ūλ)j
VA` iACªxVAC
j`-VQªxyhWxYTfbR[Z`hV
cr
fbVxi4>ACV1jCdR[>ACUY[CfhY[C
mmin!
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>ACUi$©­·wC­gAZ]j RT>ACj`-VQªxyhWxYTfbR[Z`hV
RT>xfRBDZVAZB ZC |ũ(r)λ (θ) − u(θ)|L1
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∣
∣
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∣
∣
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min
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hCY[`-V-Rk©
#IP[P[WABDCR[>1fRRT>ACYTCfbYTC`hVAN|`-VAC?fhCdY[`-V^RgAY[CkP/CUV^RR[>ACUVCB­f-C¤R[>AC`h`ZVAyDY[CUB­fbY 6©
 RD"`hWA]i>xf-C|s6CCVhCUY[NfR[R[YfhjR[ZhCRT`qW1P/C|R[>ACBOVA`CUiQy-C­R[>xfbR Vx`wjUfbWxP/R[Z]j|jWAY[-C4jY[`^P[PR[>AC
P[Cy-BDCV^RP[ZVxjCRT>ACV4C OVA`®RT>xfRR[>ACIY[CUfbR[ZhC$/`hYiQCUY `b%P[ZC `h$R[>ACdsAYfbVxj>ACkP
φ1(θ), . . . φm(θ)fhY[C hCgAR¤j`hVxP/RTfhV-Rk© © C-©dZ
φ3(θ
min) < φ1(θ
min)
>A`h]iAPIR[>ACUVqfhP[`
φ3(θ
max) < φ1(θ
max)
BWxPSR
>x`h]i$©9=?>ACP/`-Y/RTZVAy fbyh`-Y[ZR[>AB«"`hWA]i>1fhCds1CUCV4R[YTZOZ]fb6R[` ZBDgACBDCUV-RZV#P[Wxj>#fjUfhP[Ch©9`"C-CYk
fhgxfbY[RYT`hB R[>xfbRI"CB­fN4>xf-CP/CUhCUYTfh*"f-CYT`hV^RTP?"C`-VANOVA`
φj
WAgR[`4fbVZV-RTCy-CY
ωj
¡ jb© S©
C¬QgAY[CkP[P[Z`hVq¡¨t   £[£">AZ]j>#Z*B­fhCIR[>xZP?RSNOg6C`b
P/`-Y/RTZVAyDWAVA¥¢CkfhP[ZsACh©
 M ½¼T¹  ¼8$ ½º7+/¼½dÀ	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  mmin mmax 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+¨¾¼/-¼T¹  1hÁ M ½¼T¹  ¼8$ ½º7+/¼½dÀ mmax  6¹.*ºS¹%¸+ ¾¤¼/-¼T¹ " 1-Á
JKJ ½LMNON
ko      	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 5 C0  68AC<$9 ? 6 ACI5!1-59 7AC< 5=<> /(5 :  6 5 7 < 1 ,
 x`hY?ZVA>A`hBD`-yhCVxC`hW1P B­fRTCYTZfhxRT>ACP/`DjfhCUi4?fhCYT`hV^Rj`hVxP/R[YTWxjR[Z`hVRTCUj>AVxZ\^WACdgAYTCUP[CV^R[CkiZV '   *
gxY[`OZ]iQCWxPZR[>lf®BDCR[>x`OiRT`gAY[`-gxfby^fRTCRT>ACP/`-WAR[Z`hVlfb`hVAyP[`jfbCUi3CU\^WAZ¥¨gx>xfhP[CwY[`-V-RP
φ(τ) =
j`hVxP/RTfhV^RUxsONgAYT`hgxfhy-fbR[ZVAy­fP/CRI`h'BDfhY -CYPfb`hVAy
γ
©GG`CUhCYkQRT>ACP[Cy-B CUV^RTP`h'gA>xf-P/C
WxVxjRTZ`-VxP
φ
(q)
j (θ)
xC>xf-Cdj`hVxP/R[YTWxjR[CUi4ZR[>%#yh`-Y[ZR[>xB ¥   fhs1`-ChAfhY[C¤jCUfhY[NVA`hR?ZVyhCUVACYfb
Ck\^WAZ¥ gA>xf-P/CYT`hV^RTPU©<=?>xZP
Z]P9VA`hR
`h6y-Y[CkfR
ZBDg6`hY[RTfhVxjCfbV1iRT>ACBDCR[>x`OiA`h`hyhNgAY[CkP/CUV^R[CUiZV ' n *xB­fN
s6CfbgxgAZCUi|R[`DRT>ACUP[C  - 
 " #?fhCIYT`hV^RTP"RT`x©
 x`hY¤>A`hBD`-yhCVxC`hW1PB­fRTCYTZfh<>xCYTCRT>AC j>1fbYfhjRTCYTZP/R[Z]jjWAY[-CUPdfbYTC P/R[YfbZyh>^Rk6"C >xfhCZBDgAC¥
BDCUV-RTCUi4R[>xC¤`h`ZVAyDfbyh`hYTZR[>AB©
#IP[P[WABDCdR[>xfbR""CI?fbV^R"R[`Dj`-B gxWQR[CdR[>xC¤cG¥¨ªxC]iZVfg6`hZV^R
y
©  A`-YCkfhj>#jZYTjC¤P/CUyhBDCV^R
Sq

P[CRsON #Gy-`hYTZRT>AB ¥   ^"CjfhV4gxfhYTfhBDCR[CUY[ZCIR[>xCfbVAy-C
α =
fhVAyhC
(y − x(θ)) >ACYTC x ∈ Sq ,
sONg6`hNOVA`hBDZ]fb%jWAYThCIªAR/RTZVAy4fbVxij`-BDgAWQR[C Pκαα (θ)
`hYP[`hBDC
κα
© GCVxjCCjUfbVP/CkfbYj>`-YR[>AC
g6`hNOVA`hBDZ]fb$YT`O`bRTPGR[`
Pκα(α),q,j(θ) −P
κβ
(β),q,j(θ) = 0.
¡   k£
 x`hYfh
ζq,j
YT`O`bRP
[
θ1,q,j , . . . θζq,j ,q,j
]
,
WxªxZVAy
θminq ≤ θ < θmaxq
6`-YIfb<sAYTfhVxj>ACkPZVfb<P[Cy-BDCV^RTPG`hVAC jfbVRT>ACVwj`-B gxWQR[CR[>ACR[`bRfb
cG¥¨ªxCUi
ũλ
ZV
y
f-jj`-YTiAZVAyR[`B'  *
#S
∑
q=1
mq
∑
j=1
ζq,j
∑
k=1
P(A),q,j(θk,q,j)
√
P(ρ),q,j(θk,q,j)
P(ρ),q,j(θk,q,j) + s(y, θk,q,j)
exp
(
i2π
λ
(P(φ),q,j + s(y, θk,q,j))
)
,
¡   th£
>xCYTC
#S
ZPR[>ACVOWABs1CUY`b9P/CUyhBDCV^RTP"y-Z-CV#s^N #yh`hYTZR[>AB DfhVxi
s(y, θk,q,j) = (y − R [cos(θk,q,j), sin(θk,q,j)]) ·
[
cos
(
P(β),q,j(θk,q,j)
)
, sin
(
P(β),q,j(θk,q,j)
)]
.
·wCj`hV1jWxiQCdR[>xfbRZV4R[>ACdRTY[ZgAC¤P[WABK¡   tb£"CI>1fhCdZBDgAZjZRTN|WxP/Cki4fh8g6`hNOVA`hB­PiQCªxVACUi4ZV
LQCUjRTZ`-V -©)­¡[¡ £%¡.Uvh£%¡¢thuh£?fbV1iq¡¨thth£[£AZ¨© Ch© P(φ)
 P(β)
 P(ρ)
fbV1i P(A)
©
  |	U	 	
·wC>xf-CP/CUCV¯RS`g6`-PTP[ZsAZZRTZCkPDR[``-gQR[ZBDZUCR[>ACqj`OCjZCV^RP­ZV P(φ)
 P(β)
 P(ρ)
fbV1i P(A)
©
·>1fRC­jUfb d`-sxfb cIgQRTZBDZUfRTZ`-VwfhZB­P¤fRYTCUiQW1jZVAy#R[>AC­P[ZUC `h RT>AC­j`OCjZCV^RP¤ZVqY[`-V^R¤`h
RT>ACCYTYT`hY<R[CUY[B­P9ZVDgxfbYfbBDCRTY[Z]jfhQjWAYThC"ªAR[R[ZVAyx^Z¢© Ch©<"CZAVA`hR fbR[CY
RT>AC`-YTiQCUY
`b$fhjjWAYfhjNZR[>
`-gQR[ZBDZkfRTZ`-V*©
# P[CUj`hVxi`-gQR[ZBDZkfRTZ`-V*>xZj>"C|jfh  fhWxP/R[Z]j¦GCR[CkjR[Z`hV%
fhZB­PfbRYTCªxVAZVAyRT>ACg6`-P[ZRTZ`-V
>xCYTCIRT>ACjfhWxP/R[Z]jdjWAYThCUP
χk(τ)
jY[`^P[P
γ
©

 M ½¼T¹  ¼8$ ½º7+/¼½dÀ     [cφ
3
, c
φ
2
, c
φ
1
, c
φ
0
]
,
[
c
φ
κα , . . . , c
φ
0
] 6¹.*º ¹%¹¢¾º " ¹¢¸[Á
MN J2MPO
 	
		

  
 ,.+   4A5=4 I9 7 DE7 59 7AC<
"N4WxP/ZVAyP/RTfhVxiAfbYi4`hgQRTZBDZUfRTZ`-Vfbyh`hYTZR[>AB­P?gAYT`OZiQCki|ZV#`hYC¬AfbBDgACHfRTfhs¤`hVACjUfbVBDZVxZ¥
BDZC |ũλ(θ) − u(θ)|L1
s^N4P/CkfbYj>AZVxy`-Y`Qjfh$BDZVAZBWxB`b
min
c
`max
∑
`=1
mq
∑
j=1
|ūj(θ`, c) − u(θ`)| ,
ZR[>
θq,` = θ
min
q + `δθ ≤ θmaxq
`-YP/`-BDC
δθ
fbV1i
c =
[
cφ0,1 . . . , c
A
0,1 . . . , c
φ
0,j , . . . c
A
0,j . . .
]
.
G`CUhCUYU^P/ZVxjC
u(θ)
`-PTjZ]fRTCUP`hV4R[>AC
λ
¥ PTjfhCdC¤jfhV|VA`hR">x`hg6CG`-YRT>xfR?RT>AC¤`hYiQCY`b<f-jjWAYTf-jN
ZV
λ
Z]PZB gxY[`-CUi#P/ZVxjC¤RT>ACCYTYT`hY?ZVRT>ACZVAZRTZfh%y-WACUPTP?gAYT`^Z]iQCki|sON #Gy-`hYTZRT>AB ¥   fbYTC¤`b O(λ) ©G`CUhCUYUx`hYdCUfhj>qP/g6CUjZª1j
λ
R[>ACDfhjUjWAYfhjN4B­fN#s1C ZB gxY[`-CUi$©¤=?>AC ZVxjY[CkfhP[C`b"fhjjWAYfhjN#jfhV
fhP[`s6Cfhj>AZC-CUi|s^N­ZVxjY[CkfhP[ZVAyR[>AC¤`-YTiQCUY?`b*RT>AC¤g1`-NOVA`-BDP P(φ)
fhVxi P(A)
>ACYTCI"CdVA`bRTCIRT>xfR
RT>ACZVACkfbY­gAYT`hsxCUBDPDP[`hhCkiZVP/Wxj>¯`hgAR[ZB ZUfbR[Z`hV¯B­fNyhCRZ¥ g6`-P[CUiZdR[>ACUY[CfhY[C4R[`O`B­fbVON
g6`hNOVA`hB j`OCjZCV^RP"R[`­s6C`hgQRTZBDZCUi*©
 ,  5!3 J"9 7 
	 0290 9 7.AC<
#IP #Gy-`hYTZRT>AB yhCUVACYfbN fbZP4fR#ZiQCUV^R[ZN^ZVAyR[>ACwjfbW1PSRTZjjWAYThCUP	'C¬Qf-jR|g6`-P[ZR[Z`hV "C>xf-C
ZVOhCkPSRTZy^fR[CkiRT>ACDg1`^P[P[ZsxZZRSNR[`xsONg1`^PSR[¥¨gxY[`QjCkP[P[ZVAyx8YTCªxVAC RT>ACZYg6`-P[ZRTZ`-Vq`-V
γ
© =?>AZ]PjUfbVws1C
iA`hVACfhP"`-`PU©
%CR
SL
fhVxi
SR
s6C­RS`VACZyh>Os6`hYTZVAyP[Cy-BDCV^RTPZR[>
mL
sAYfbVxj>xCUPfhVxi
mR
sAYfbV1j>ACUPYTC¥
P[g6CUjRTZ-CNh©=#GPTP[WABDCIRT>xfR #Gy-`hYTZRT>AB `hWAVxi|R[>1fR?R[>ACjUfbWxP/R[Z]jdjWAYThC¤jYT`-PTP/Cki
γ
fR
θ = θ
jfhWxPSRk©y-WACUPTP ©
=?>xCV#`hVACjUfbV4R[YTN­R[`P[`hhCIR[>AC¤`-`ZVAyBDZVAZB ZUfbR[Z`hVgAYT`hsACB
min
θ
jUfbWxP/RU©


∫ θ
jUfbWxP/RU©
θ
jfhWxP/RU©
−∆θL
|ũλ,L(θ) − u(θ)| dθ +
∫ θ
jUfbWxP/RU©
+∆θR
θ
jfhWxPSRk© |ũλ,R(θ) − u(θ)| dθ

 ,
¡   -£
>xCYTC""CjfhVDWxP/CC¬OR[Yfbg6`h]fR[Z`hVZ$"C?"fhV-R9RT`CfbWxfbR[C
ũλ,L
fbVxi
ũλ,R
`hWARTP[ZiQC?RT>ACZY'YTCUP[g1CkjRTZ-C
ZV^R[CUY[fb]P<`hVR[>ACjZYjC
γ
©
E`bRTC?>A`CUhCUYUP[ZBDZfhYRT`LOCUjR[Z`hV­nQ©bR[>1fR
u
`-PTjZ]fRTCUP<`hVR[>AC
λ
¥ P[jUfbC
fhVxiP[ZVxjC9R[>xC CYTYT`hY*ZV
θ
jUfbWxP/RU© Z]P`b O(λ) R[>ACBDZVAZBDZkfRTZ`-Vfbyh`-Y[ZR[>ABB­fNIs6C'RTYTfhgAg1CkiZVf`OjUfbBDZVAZBWAB©GCVxjChkR[`P[`hhC
gAYT`hsxCUB ¡   h£8"C9`-WA]iIVxCCUiIRT`WxP[C'f?yh`hsxfh`hgQRTZBDZUfRTZ`-Vfbyh`hYTZR[>AB
fhVxiwfhiAfhgQR[ZhC­\^WxfhiAYTfbR[WAYTCYTWACUPdRT`s1CfhsAC RT`j`hBDgAWAR[CDR[>xC­ZV^R[CUyhYfb]Pd`hCYdRT>ACiQZ]P[j`hV^R[ZVOWA`hWxP
Vx`hYTBDPU©
  &?
	! &4
 VR[>xZP'P[CUjR[Z`hV C?ZxZW1PSRTYTfbR[C"R[>AC?g6CY[`hYTB­fbVxjC"`h1`-WAY9fbyh`hYTZR[>AB­P<gAYTCUP[CV^R[CkiZVLOCUjR[Z`hV   ©  V
RT>A`-P[Cjf-P/CkP>ACUVCfhVxfbNOC¤RT>ACPTjfR[R[CUY[Cki|ª1C]iY[`-B jZYjWA]fbYI¦GZY[Z]j>ACRGs6`hWxVxiAfbYTN4j`hVxiAZRTZ`-V
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"C>xf-CWxP[CUiDRT>AC¤fbVxfhN^R[Z]jP[`hWQR[Z`hVDRT`j`hBDgAWQRTC
u(x)
ZV
CS
©  A`hY?fP[CBDZ¥ jZYjWA]fbYyhCU`hBDCRTY[NC
>1fhCWxP[CUif4tb¦ `-WAVxiAfhY[N  CBDCV^R¤LQ`hhCYGR[`|j`hBDgAWQRTCRT>ACªxCUi`hVf  fhY/RTCUP[ZfhVyhYTZiZV
CS
©
=`fhjUjCUPTP
u(x)
ZR[>
x ∈ CS "CDWxP[CUiP/gxZVAC­ZV-RTCYTg1`-fbR[Z`hV ©  Vfb'C¬AfhB gxCkP¤CD>xf-C W1P/Cki
R = 2
B©
#IPfbY[CkfhiQNBDCV^RTZ`-VACUiR[>ACfhy-`hYTZRT>AB­PGVACUCUiQCkiRT`s1C R[WxVACUiqR[`#ZB gxY[`-CRT>ACDg1CUY/`-Y[B­fbV1jCh©
=?>xZP"f-PiQ`hVxCsONqBD`QiQZN^ZVAyRT>AC4P[ZC­`bRT>ACZV^R[CYTfb¨ZVxiQZ]jfbR[CkisONR[>xC ≈ ¥ P[ZyhVZV ¡hv^£fbV1isONP[CR[R[ZVAy
c2
© #GP[`x8RT>ACª1YTP/RdZVAZR[Z]fb9y-WACUPTPG`h
θ̃maxq+1
ZVqR[>xC P[CUfhYTj>fhy-`hYTZRT>AB "f-PIj>1fbVAy-CUisON
BD`QiQZNOZVAy RT>ACj`-VxPSRfbV^R
c
ZV
θ̃
max,(0)
q+1 = θ
min
q+1 + c · (θmaxq − θminq ),
f-P?Cj>xfhVAyhCki|GCB >x`hR[P[`hWQR[Z`hV*©
,.+  A AC3< > 5!6 :  AC<> 7 9 7AC< J ,
=`P/ZBDgAZNR[>ACVOWABDCUY[Z]jfhQC¬Qg1CUY[ZBDCV^RTP'C?>xf-C"ZVAZR[Z]fbNR[CkPSRTCUi `hWAY'fhy-`hYTZRT>AB­P
`hV­f
u(x)
RT>xfR
fhY[CdVA`hRGf P[`hWQRTZ`-V|RT`CBD>A`hR[¤Ck\-W1fR[Z`hV%©  V
CS
CP[CR
u(x)
R[`Ds1C
u(x(r, θ)) =
m(θ)
∑
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βj(θ), j = 1, . . . , 3
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No boundary condition, λ = 0.01 m. 
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λ min
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LQZVxjC "C WxP[C P4(φ)
 P3(A)
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√
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)
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u(1,θ) = 0, λ = 0.01 m. 
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u(1,θ) = 0, λ = 0.01 m. 
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